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Group - A
Answer any five questions from Question No. 1to 8 : [5x7]

1. a) Let (X, d)beametric space, Ac Xand x € X. Prove that x € A iff d(x, A) = 0.
b) Suppose A < R. Show that the set of all isolated points of A is at most a countable set. [3+4]

2. a) Let {x,}_, be a convergent sequence in a metric space X converging to x, € X. Prove that
.} u{x,} is compact.
b) Define a Baire space. Show that with usual metric, the space Q is not a Baire space. [3+4]

3. Let (X,d) be a metric space such that d(A, B) >0 for any two disjoint closed subsets A, B of X. Show
that (X,d) is complete. Is the converse true? Justify your answer. [4+3]

4. a) Let(X,d) be a metric space and A, B are compact subsets of X. Show that there exists a € Aand
b € B such that d(A,B) = d(a,b) and if A and B are disjoint then d(A,B) >0.

[d(A, B) =inf{d(x,y): x €A,y € B}]
b) Let X and Y be metric spaces and there exists a continuous map f:X — Ysuch that
G(f) ={(x,f(x)):x € X} is not a complete subset of X x Y. Prove that either X or Y fails to be a

complete metric space. [4+3]

5. a) Suppose X is a metric space such that every uncountable set in X has a limit point. Show that X
is separable.

(Hint : For each ne N, by Zorn's lemma, choose a maximal set in X, the distance between any

: L 1
two points of which is at least —).
n

b) Suppose ‘d’ is a metric on N . Show that (N, d)is 2" countable. [5+2]

6. a) Suppose f:R—R is a polynomial. Show that f sends every closed set in R to a closed set in
R.

b) Let A< R be such that each continuous map f : A — Ris bounded. Show that A is compact. [4+3]

7. a) LetC[0,1] be the set of all real valued continuous maps over [0,1]. Define two metrices d; and d;
on C[0,1] as follows :

;dz(f,g)z(jj(f—g)de)i

Check whether d; and d; are equivalent or not.

b) Give example of a connected subset of a metric space such that interior of the set is not
connected. [4+3]

d,(f,g) = sup [f(x)—g(x)
xe[0,1]

(1)



8.

a) Show that R is connected.
b) Let X=Nu{a} where ag¢ N. Define d: XxX —Rby

d(x,y)=1 x,yeN, x#y
d(a,x)=d(x,a)=1+l,XGN
X

d(x,y)=0, x=y; x,ye X

Show that (X,d) is a complete metric space. [3+4]
Answer any three questions from Question No. 9to 13 : [3x5]
9. a) Prove that if a power series Zanx” converges for X = x; and X = Xy, then the power series
n=0
converges for any x between x; and X;.
b) Let f be defined on (—%%} by f(X)=1+2-3x+3-3*x*+...+n-3"'x"" +.... Prove that f is
continuous on [—llj [3+2]
33
10. Show that the series z X is uniformly convergent on [a,b] for 0 < a < b. Justify
= (nx+D){(n-)x +1}
whether it is uniformly convergent in [0,b]. [4+1]
11. Check the convergence and uniform convergence of the following sequence of functions
nx
a) ———,neN, xe[0,1
) 1+ n3x? 0.4
b) nxe™ x>0neN. [3+2]
12. Show that the series Zﬁ is uniformly convergent over R. If S(x) is the sum function,
~'n°+n°x
verify that S'(x) is obtained by term by term differentiation. [2+3]
13. Prove that a power series Zanx” has radius of convergence R > 0 iff Znanx”‘l has the same radius
n=0 n=0
of convergence.
Group - B
Answer any three questions from Question No. 14 to 18 : [3x10]
14. a) Solve the equation (y®+z*>—x%)dx—2xydy—2zxdz=0 after satisfying the condition of
integrability.
. o o d’y _dy ,
b) Find the solution in series of the equation F+ xd—+x y =0 about x = 0. [5+5]
X X
2 Ay dy 2y . N :
15. a) Solve (1-x )F+xd——y =X(1—x*) given that y = x is a solution of its reduced equation.
X X
b) Solve: X - ¥ __dz |
X“+a° Xxy—-az Xxz+ay
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¢) Use convolution theorem to find L™ {;} [4+4+2]
(P+D(p-2)
16. a) Find the complete integral of the partial differential equation z° = S—Z%xy by Charpit's method.
X
. dy . dy 2 -
b) Solve the equation : (x _1)F_Xd_+ y = (X —1)° using the method of variation of parameters. [5+5]
X X
: : : : d(, «dy X :
17. a) Find all the eigen-values and eigen-functions of ™ 4e ix +(1+A)e"y=0; y(0)=0,
X X
y(2)=0.
b) Find the -equation of the integral surface given by the differential equation
2y(z—3)p+(2x —2z)q = y(2x —3) , which passes through the circle z=0, x> +y* =2x. [5+5]
18. a) Determine the solution of the following initial value problem by Laplace transform technique :
(D*+2D+1)x =3te™", given x(0) =4, x'(0)=2.
o [ ePr(tat
b) If F(t) be a periodic function with period T > 0, then prove that L{F(t)}= OlT
Y dy 2 :
c) Solve: XF+ (x—l)d——y = X", by the method of operational factors. [4+3+3]
X X
Answer any two questions from Question No. 19 to 21 : [2x10]
19. a) Show that the points on the curve y? :4a(x+asin 5) where the tangents are parallel to x-axis
a
lie on the parabola y? = 4ax .
b) Find the pedal equation of the equiangular spiral r =ae®**“.
c) Show that the radius of curvature at any point on the Cardiode r =a(1—cos6) is proporsonal to
Jr [4+3+3]
20. a) Find the envelope of §+% =1 with the condition a" +b" =c", where ‘a’ and ‘b’ are parameters
a
and ‘n’ and ‘c’ are real constants.
b) Find the asymptotes of the curve x®+2x*y—xy*> —2y® +4y* +2xy+y-1=0. [5+5]
21. a) Find the area of the surface generated by revolving about the y-axis that part of the astroid
X =acos’0, y=asin’0, that lies in the first quadrant.
b) Determine the position and nature of the multiple point(s) of the curve
x® —y? —7x* +4y+15x -13=0.
c) Show that y=x* is concave upwards at the origin and y = e is everywhere concave upwards. [4+4+2]
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